Abstract. In [5] the authors present an algorithm to parametrize approximately ǫ-rational curves, and they show in 2 examples that the Hausdorff distance, w.r.t. to the Euclidean distance, between the input and output curves is small. In this paper, we analyze this distance for a whole family of curves randomly generated and we automatize the strategy used in [5] . We find a reasonable upper bound of the Hausdorff distance between each input and output curve of the family.
Introduction
The problem of the approximate parametrization of algebraic plane curves goes as follows: given a plane algebraic curve C (that is the perturbation of a rational plane curve) and a tolerance ǫ > 0, we want to find a new curve C, being rational, as well as a rational parametrization of it such that C and C are at certain small distance dependent on ǫ.
In [2] and [3] it was seen how to approximately parametrize algebraic plane curves and algebraic surfaces having an ǫ-singularity of maximum multiplicity. In [5] , using the techniques of ǫ-points developed in [2] and [4] , we extended the results in [2] to the general case of algebraic affine plane curves. More precisely, we provide in [5] the approximate parametrization algorithm which given C returns an approximate parametrization P(t) of the curve C.
A natural question arises, the closeness between the input and output curves of the algorithm. In our case, this closeness notion is given by the Hausdorff distance. That is, we say that the input and output curves are close if their Hausdorff distance (as real curves) is small related to the tolerance. We proved in [5] that the Hausdorff distance between C and C is finite.
In this paper, apply the approximate parametrization algorithm to a family of curves F of degree 4 which was randomly generated. For each curve C in F we compute a bound B of the Hausdorff distance between C and C. For all of the curves we get B ≤ 2.2 and we obtain evidences that the actual distance is experimentally ≤ 0.1.
The paper is organized as follows. We recall the approximate parametrization algorithm in Section 1. In Section 2 we explain how the family F of curves of degree 4 was generated. The last section is devoted to the analysis of the distance between the the curves of F and their approximate parametrizations output by our algorithm.
The following terminology will be used throughout the paper. · and · 2 denote the polynomial ∞-norm and the usual unitary norm in C 2 , respectively. | · | denotes the module in C. The partial derivatives of a polynomial g ∈ C[x, y] are denoted by g − → v := ∂ i+j g/∂ i x∂ j y,
Recalling the parametrization algorithm
In this section we recall the algorithm presented in [5] as well as its main properties; see [5] for further details. We start with a fixed tolerance ǫ, and with the implicit equation f (x, y) of a real plane algebraic curve C of exact degree d, which is the perturbation of a rational curve. C is supposed to satisfy that:
(1) the degree d of f is proper; this means that there exists a partial derivative of f , of order d, that in module is strictly bigger than ǫ f .
(3) C has d different points at infinity, and it does not pass through (1 : 0 : 0), (0 : 1 : 0).
Conditions (1) and (2) guarantee that, under the tolerance, we really have an irreducible curve of degree d. Condition (3) ensures that C is either compact (as a subset of R 2 ) or it follows real asymptotes. Therefore, we are excluding curves having a parabolic behavior. The requirement on (1 : 0 : 0), (0 : 1 : 0) is technical and it can be achieved by performing a suitable and orthogonal linear change of coordinates.
The theoretical argumentation of the algorithm is as follows. First, the notion of exact singularity is replaced by the concept of ǫ-singularity, similarly with the notions of exact multiplicity and ǫ-multiplicity. Here, the first complication appears since the number of ǫ-singularities is bigger than (expected) in the exact case; probably due to the perturbation. In order to deal with this difficulty we associate to each ǫ-singularity a radius, and hence we see it as an Euclidean disk. Next, we introduce an equivalence relation on the set of disks and we define the ǫ-singular clusters as the equivalence classes. Then, we define the ǫ-multiplicity of the cluster as the maximum of the ǫ-multiplicities within the class, and we take as canonical representant of the cluster an ǫ-singularity where the ǫ-multiplicity of the cluster is achieved. In this situation, we say that C is ǫ-rational if the clusters satisfy the well-known genus formula of the exact case. More precisely, if {Cluster r i (Q i )} i=1,...,s is the cluster decomposition (Q i denotes the canonical representant and r i the ǫ-multiplicity of the cluster), we say that C is ǫ-(affine) rational if
Now, let us assume that C is ǫ-rational, an let us see how the approximate parametrization algorithm proceeds. The basic idea is, as in the exact case (see [7] ), to construct a suitable linear system of curves of degree d − 2. More precisely, if
is the cluster decomposition, we compute d − 3 simple ǫ-points on C, say {P 1 , . . . , P d−3 } with P i = (p i1 : p i2 : 1). Again, we associate to each ǫ-point an Euclidean disk via a radius, and we apply the equivalence relation. If, somehow, any P i is identified with another P j or with a singular cluster, we replace P i by a new ǫ-point. In this situation, we consider the
and the (exact) linear system H of curves of degree (d − 2) given by D. That is, H is the linear system of curves of degree d−2 having Q i as (r i −1)-base points, and P i as simple base points. If we were working exactly, all intersection points in H ∩ C would be fixed (namely those points in D) with the exception of one point that would provide the parametrization. Indeed, in the exact case, the parametrization would be
,
, being H(x, y, z) the homogeneous polynomial defining H. In the approximate case, instead of the exact division above, we take the quotient of the Euclidean division of each numerator by the corresponding denominator. The output curve derived from this process has the same structure at infinity as the input curve and the same degree, see [5] , Theorem 4.5. These properties will play a fundamental role in the error analysis (see Section 3). We outline the algorithm derived from the above ideas.
(1) Compute the singular cluster decomposition {Cluster r i (Q i )} i=1,...,s ; say Q i = (q i,1 :
, RETURN "C is not (affine) ǫ-rational". If s = 1 one may apply the algorithm in [2] . (3) Compute (d − 3) ǫ-simple points {P j } 1≤j≤d−3 of C. Take the points over R, or as conjugate complex points. After each point computation check that it is not in the cluster of the others (including the clusters of Q i ); if this fails take a new one. Say
, where ρ 1 , ρ 2 are real and strictly smaller than ǫ. Say that gcd(F (x, y, 0), H 2 (x, y, 0)) = 1; similarly in the other case.
(10) If the content of B 1 w.r.t x or the content of B 2 w.r.t. y does depend on t, RETURN "degenerate case". (11) Determine the root p 1 (t) of B 1 , as a polynomial in x, and the root p 2 (t) of B 2 , as a polynomial in y.
Generating a family of ǫ-rational curves
In this section, we generate the family of curves that will be used in the error analysis. We fix three points P 1 = (2 : 0 : 1),P 2 = (0 : 0 : 1) and P 3 = (1 : 1 : 1) in P 2 (C) and we consider the linear system of curves of degree 4 defined by the divisor
Note that for every specialization of u i such that G(x, y, z, u 1 , . . . , u 6 ) is irreducible, we get an (exact) rational curve. Now, for j = 1, . . . , 6 and i = 1, . . . , 10 let r ij be a random integer number in the interval [0, 100]. We obtain 60 different polynomials G ij (x, y, z), j = 1, . . . , 6, i = 1, . . . , 10 setting
in G(x, y, z, u 1 , . . . , u 6 ). Given i ∈ {1, . . . , 6} and j ∈ {1, . . . , 10} we obtain a random perturbation
where r 1 , r 2 , r 3 are integer numbers taken randomly in the interval [0, 100] and ǫ = 1 100 . The polynomials g ij (x, y), j = 1, . . . , 6, i = 1, . . . , 10 have proper degree 4 and define 60 curves C ij verifying (1 : 0 : 0), (0 : 1 : 0) / ∈ C h ij (C h ij is the projective closure of C ij ) and such that they have 4 different points at infinity. Therefore, each of 60 curves satisfies the hypothesis required in parametrization algorithm.
Using the parametrization algorithm described in Section 1, we conclude that 28 of the 60 curves are ǫ-rational. We show those curves in Fig. 1 . An statistical error analysis was given in [6] . The precise equations of C ij as well as the parametrizations provided by the algorithm can be found in http://www.aq.upm.es/Departamentos/Matematicas/srueda/fam4.pdf.
Theoretical strategy for the error analysis
We describe the theoretical strategy for the error analysis that will be employed in the last section. Let ǫ > 0 be the tolerance, C the input curve and C the output curve provided by the approximate parametrization algorithm. Also, let f (x, y) and f (x, y) be the defining polynomials of C and C, respectively. Moreover, let P(t) be the parametrization of C output by the algorithm. Let C R and C R denote the real part of C and C, respectively. Figure 1 . Plot of the 28 ǫ-rational curves C ij randomly generated.
where d(a, B) = inf b∈B {d(a, b)}, and by convection H(∅, ∅) = 0 and, for ∅ = A ⊂ X, H(A, ∅) = ∞ (see [1] , for further details). The most relevant fact, for our analysis, is that H(C R , C R ) < ∞ (see [5] , Lemma 6.1) because we want to bound H(C R , C R ). For this purpose, we will proceed in a similar manner to Section 6 in [5] , not only for a couple of examples, but for the whole family of ǫ-rational curves randomly generated in Section 2. More precisely, we consider the normal line to C at the generic point P(t), say L 1 (t, s), as well as the normal line to C at the generic point (a, b) ∈ C R , say L 2 (a, b, s). Moreover, we introduce the polynomials
where R(t) denotes the algebraic closure of R(t) and C(C) the field of rational functions over C. In addition, for every t 0 ∈ R, such that D 1 (t 0 , s) is well defined and has real roots, and for every (a 0 , b 0 ) ∈ C R , such that D 2 (a 0 , b 0 , s) is well defined and has real roots, we take
provides an upper bound of the Hausdorff distance; at least for those subsets of both curves where the considered minimums are well defined.
Because of computational difficulties, in our analysis, instead of computing ρ R 1 (t), ρ R 2 (a, b), we will study
These quantities bound d(P(t 0 ), C) and d((a 0 , b 0 ), C) respectively (here, we understand that d is the unitary distance in C 2 ), instead of d(P(t 0 ), C R ) and d((a 0 , b 0 ), C R ). So, for those subsets of both curves, where the corresponding polynomials are well defined, we bound
For this purpose, in the next section, we will follow the next steps:
(1) We compute a bound of sup t∈R {d(P(t), C)}, by applying Corollary 6.2 in [5] that ensures that
where A i (t) = 0 and 1 ≤ i ≤ n , , b) , C)}) one may apply the same corollary as in (1) . However, it implies to maximize a bivariate rational function under the constrain f (x, y) = 0. This can be done, for instance, using Lagrange multipliers. Nevertheless, in practice, this is unfeasible. Instead, we estimate the bound by taking a lattice of points (a, b) ∈ C where we bound d((a, b), C). (3) Note that the quantity ∆(C R , C R ) gives information on how close every real point on each of the curves is of a complex point on the other curve. However,
To avoid this difficulty, in our analysis, we will look for empirical evidences indicating that the computed bound of
for that we test empirically that, in our computations,
is not well defined or simply that the bound it provides of d(P(t 0 ), C R ) is not satisfactory. Observe that to bound d(P(t 0 ), C R ) we can use the intersection of any line through P(t 0 ) with C. So in some cases we will also proceed in the following way.
Let us consider the line at the generic point P(t) in the direction given by h ∈ R
We introduce the polynomial
For a fixed h 0 ∈ R and for every t 0 ∈ R, such that D h 0 (t 0 , s) is well defined and has real roots,
0 ) = 0 and s 0 ∈ R}. Thus, the supremum of ρ R h 0 (t) and ρ R 2 (a, b) provides an upper bound of the Hausdorff distance. Then for t 0 ∈ R such that D h 0 (t 0 , s) is well defined, we may study
which is an upper bound of d(P(t 0 ), C) and plays the role of ρ 1 (t 0 ) in the previous steps.
Execution of the error analysis
Let F be the family of 28 ǫ-rational curves of degree 4 defined in Section 3. For each curve C in F we explain next how the bound of ∆(C R , C R ) was computed and show evidences that this bound is also an upper bound of the Hausdorff distance H(C R , C R ).
4.1.
Bound of sup t∈R {d(P(t), C)}. Let us denote by Λ the domain of D 1 (t 0 , s). If the curve is compact then the polynomial D 1 (t 0 , s) is well defined for every t 0 ∈ R, otherwise it is not defined for two real poles β 1 , β 2 of P(t). In the family F only two curves are compact. In order to bound sup t∈R {d(P(t), C)}, we obtain an upper bound of ρ 1 (t) when t ∈ Λ.
For this purpose we maximize the functions R 1 (t) = 4
2 (see step (1) in Section 3) in Λ as follows. Let α 1 and α 2 be the real roots of the denominator of R 1 (t). For all the curves in F, α 1 and α 2 are not real roots of the denominator of R 2 (t). Let I i , i = 1, 2 be an interval isolating α i from α j , j = i and from the real poles of R 2 (t). Observe that R 1 (t) and R 2 (t) are continuous in R \ (I 1 ∪ I 2 ) and in the adherence I 1 ∪ I 2 of I 1 ∪ I 2 , respectively. We compute
The last column of the next table contains the computed bound B for each one of the curves C i , i = 1, . . . , 28 of the family F. We will improve next the bound given for curves C 16 and C 26 . For a fixed h 0 ∈ R we can write D h 0 (t, s) = B n (t)s n + · · · + B 0 (t) to which Corollary 6.3 in [5] applies. Hence we can obtain an upper bound B h 0 of sup t∈R {d(P(t), C)} maximizing the new functions
in the domain of D h 0 (t, s). As described earlier for R 1 (t) and R 2 (t) we obtain respectively B h 0 1 and B h 0 2 . For curves C 16 and C 26 we computed the upper bound B h 0 of sup t∈R {d(P(t), C)} using different values of h 0 and we found bounds improving the ones given earlier for the values of h 0 shown in the next table. , b) , C)}). In this section we estimate the bound of sup (a,b)∈C R {d((a, b), C)}). We estimate the bound by taking a lattice of points (a, b) ∈ C where we bound d ((a, b) , C) estimating ρ R 2 (a, b). We show evidences for ρ R 2 (a, b) being small and for ρ 2 (a, b) = ρ R 2 (a, b). If the curve is not compact, first we analyze the behavior of the input and output curves through the real asymptotes. Let us suppose that C is a non compact curve in F and let L 1 and L 2 be its real asymptotes. By [5] , Corollary 4.6 the real asymptotes of C and C are parallel lines so the Hausdorff distance between them can be easily computed. Let L 1 and L 2 be the real asymptotes of C parallel to L 1 and L 2 respectively. We the value of
for all the non compact curves of F in the next table. Then we proceed as follows:
(1) For each negative integer i we compute the set Ω i of intersections of C R with the line
∈ Ω i }, and we check that m R i = m i . (2) We repeat the previous step until
(3) Let τ 1 be the smallest value of i until termination of this process.
We perform this experiment also for each positive integer i to obtain in this case the highest value τ 2 such that the inequality in step (2) holds. At the same time we check that m R i = m i with positive integers i = 1, . . . , τ 2 . The same process is repeated for y = j, to obtain the negative and positive integers τ 3 , τ 4 , respectively such that
where Ω j is the set of intersections of C R with the line y = j.
We empirically consider that out of the compact [τ 1 , τ 2 ] × [τ 3 , τ 4 ], the curves behave as the asymptotes, and the empirical bound of
The next table shows the compact set [τ 1 , τ 2 ] × [τ 3 , τ 4 ] obtained for ε = 10 −6 in all the curves except for numbers 25 and 28 for which we took ε = 10 −5 . The reason being that we run out of memory before reaching the box outside of which the curves behaved like the asymptotes with ε = 10 −5 . Table 3 :
If the curve C is compact we consider a compact set [τ 1 , τ 2 ] × [τ 3 , τ 4 ] containing C R . Then we compute m as previously described checking also that Empirical evidences. Now, we perform some empirical tests to show evidences that ρ R 1 (t) is smaller than the upper bound B of sup t∈R {d(P(t), C)} given in Section 4.1. First, let D 1 (s) = lim t →±∞ D 1 (t, s). Then, for every curve of the family F let
We checked that χ = min{|s 0 | / D 1 (s 0 ) = 0} in all cases. Since the roots of a polynomial depend continuously on its coefficients, for every δ > 0 there exists K > 0 such that for all |t 0 | > K there is a root s 0 of D 1 (t 0 , s) with χ − s 0 2 < δ. It may happen that these roots are all complex. However, in our example, we see that
We show these computations in the next table. Table 5 
Furthermore, only for curve C 25 the set Γ 2 is nonempty. We show in the next table
} is very small compared to the value of µ = max{R 2 (t 11 ), R 2 (t 12 ), R 2 (t 21 ), R 2 (t 22 )} and also we compare them with B 2 . 
In fact, in those curves B 1 is equal to max{R 1 (t) / t ∈ Γ 1 }.
For each real pole of R 1 (t) as well as for each real critical value of R 1 (t), we consider a sequence of isolating intervals J k of length 1/10 k+5 , we take the middle point t k , and we analyze ρ 1 (t k ), ρ R 1 (t k ). After a certain k 1 the sequences become stable, let E k 1 be the set containing ρ R 1 (t k 1 ) for the k 1 th element of each one of the sequences constructed for each real pole of R 1 (t). Let γ 1 = max E k 1 . Similarly, after a certain k 2 the sequences for the real critical values of R 1 (t) become stable. Let E k 2 be the set containing ρ R 1 (t k 2 ) for the k 2 th element of each one of the sequences constructed for each real critical values of R 2 (t). We call γ 2 = max E k 2 . If the curve is not compact, we also perform this experiment for each of the two real poles β 1 , β 2 of P(t). The sequences to β 1 , β 2 become stable after a certain k 3 and we get a set E k 3 and γ 3 = max E k 3 . 4.4. Behaviour of ρ R 1 (t). In the grate majority of our computations ρ R 1 (t) is defined and ρ R 1 (t) = ρ 1 (t). In some cases for a given t 0 ∈ R the set {|s 0 | / D 1 (t 0 , s 0 ) = 0 and s 0 ∈ R} is empty or ρ R 1 (t) and ρ 1 (t) happen to be different. Then it should be taken into consideration that there exists h 0 ∈ R such that ρ R h 0 (t 0 ) < ∞. Let s c denote {ρ R 1 (t k )} for the sequence {t k } to the critical point c of R 1 (t). For curves number 5, 11, 18, 20 and 22 the sequence s c could not be computed for some critical point c of R 1 (t). For example, curve C 5 has 6 critical points and the sequence s c 1 for critical point c 1 was not defined. We write max{0.009579373594, s c 1 } where 0.009579373594 is the maximum of the values at which the rest of the sequences stabilized.
The results for γ 2 marked with (*) indicate that ρ R 1 (t k ) = ρ 1 (t ) for the sequence {t k } to one of the critical points of R 1 (t). For curve number 26 there are 6 critical values of R 1 (t) and 1.357539211 ≤ |ρ R 1 (t k ) − ρ 1 (t k )| ≤ 1.357539223 for the sequence {t k } to the critical value c 5 .
For each one of the curves highlighted and for the critical point of R 1 (t) where ρ R 1 (t) did not behave properly (there was only one of those points of each curve) we proceed as follows. We consider a sequence of isolating intervals J k of length 1/10 k+5 , we take the middle point ) at which the sequence became stable and the new maximum γ ′ 2 . Table 8 : 
